Abstract. We prove that the streamlines and the profile of periodic gravity water waves traveling over a flat bed with wavespeed which exceeds the horizontal velocity of all fluid particles are real-analytic graphs if the vorticity function is merely integrable.
Introduction and the main result
This paper is dedicated to the study of the regularity properties of two-dimensional periodic gravity water waves traveling over a flat bed when gravity is the sole driving mechanism. The waves we consider are rotational and the vorticity function has a general form. While there are no known non-trivial solutions that describe periodic gravity water waves traveling over a flat bed, in the case when the fluid has infinite depth there is an explicit solution which is due to Gerstner [2, 14, 16, 28] . This solution has a non-trivial vorticity function, the streamlines being real-analytic trochoids. It is interesting that Gerstner's example is the only possible non-trivial solution for gravity water waves without stagnation points and with the pressure constant along all streamlines, cf. [31] . Small amplitude gravity water waves possessing a general vorticity were constructed first in [11] by using power series expansions, the existence of waves of large amplitude and without stagnation points being established more recently [7] by using local and global bifurcation techniques. While in [7] the vorticity function is assumed to have a Hölder continuous derivative, the same authors construct in [9] gravity water waves with a vorticity function which is merely bounded. This new result is obtained by taking advantage of the weak formulation for the water wave problem. In the irrotational setting, when the vorticity is zero and the waves travel over still water or uniformly sheared currents, the existence theory is related to Nekrasov's equation. Based on this formulation of the problem, irrotational water waves with small and large amplitude were constructed in [1, 22, 37] by using global bifurcation theory, some of the waves possessing sharp crests with a stagnation point at the top.
When proving the real-analyticity of gravity water waves, the assumption that the flow does not possess stagnation points, that is fluid particles that travel horizontally with the same speed as the wave, is crucial. Indeed, as a consequence of elliptic maximum principles, irrotational waves cannot possess stagnation points beneath the wave profile (see e.g. [8] ), but the Stokes wave of extreme form has a stagnation point at each crest and the wave profile is only Lipschitz continuous in a neighbourhood of that point as it forms an angle of 2π/3. On the other hand, it is known that waves with vorticity may possess stagnation points inside the fluid layer, see [12, 38] for the case when the vorticity function is constant or linear, and that the streamlines containing the stagnation points are not real-analytic. For irrotational waves, it is shown in [24] by using the Schwartz reflection principle that in the absence of stagnation points the profile of the waves is real-analytic. In the context of rotational waves without stagnation points, it was proved first for waves with Hölder continuous vorticity [6] and later for waves with merely bounded vorticity [33] that all the streamlines beneath the wave surface are real-analytic. The authors of [6] establish the real-analyticity of the wave profile only under the additional assumption that the vorticity function is real-analytic. The methods rely strongly on invariance of the problem with respect to horizontal translations and they have been generalized to prove similar results for capillary and capillary-gravity waves [17, 18, 19] , deep-water waves [34] , solitary waves [21, 32] , and stratified waves [20] (see also the survey [13] ). While in these references the real-analyticity of the wave profile is established only for real-analytic vorticity functions, it is shown [25, 35, 39] that any of the waves mentioned before has a real-analytic profile if the vorticity function is merely Hölder continuous. In the later papers the authors introduce additionally an iteration procedure and estimate all partial derivatives of an associated height function with respect to the horizontal variable in order to obtain the desired regularity result. We enhance that capillary and capillary-gravity waves with a real-analytic and decreasing vorticity function have a real-analytic profile, cf. [29] , the result being true for waves with or without stagnation points. The smoothness of the free surface for gravity waves without stagnation points on the surface and for waves with capillary effects has been established in [10, 26, 27] in the regime when the vorticity is constant but the profile is not necessarily a graph (waves with overhanging profiles).
We establish herein the real-analyticity of the free surface and of the streamlines for solutions of the weak formulation of the water wave problem derived in [9] , when assuming only integrability of the vorticity function. Such solutions describe water waves traveling over currents which present sudden changes with respect to the depth in form of a discontinuous vorticity or waves generated by wind that possess a thin layer of high vorticity at the surface (see [23, 36] ). We enhance that the regularity results obtained in [6, 25, 33] appear as a particular case of our analysis. The relevance of our result can be viewed in the light of [30, Theorem 3.1 and Remark 3.2] as we can now state: within the set of all periodic gravity waves without stagnation points the symmetric waves with one crest and trough per period are characterized by the property that all the streamlines have a global minimum on the same vertical line. Another characterization for symmetric gravity water waves with one crest and trough per period was obtained in [4, 5] where it is shown that merely the fact that the wave profile has a unique crest per period ensures the symmetry of the wave. The proof our main result Theorem 1.1 combines the invariance of the problem with respect to horizontal translations with Schauder estimates for weak solutions of elliptic boundary value problems. Particularly, we show that even under this weak integrability condition on the vorticity function, all derivatives of the height function with respect to the horizontal variable have Hölder continuous derivatives and are weak solutions of certain elliptic problems. Estimating their Hölder norm, we obtain the desired regularity result.
To complete this section we present the governing equations and our main result Theorem 1.1. We consider herein the water wave problem in the formulation for the height function h
where Ω := S × (p 0 , 0) and the function h is assumed to satisfy additionally
We denoted by γ the vorticity function, g is the gravity constant, p 0 < 0 is the relative mass flux, and Q is the total head. We set S := R/(2πZ) to denote the unit circle. The equivalence of the height function formulation (1.1)-(1.2) to the Euler equations is discussed in detail in [3, 7] in the context of smooth solutions and in [9, 13] for L r -solutions 1 , see also the remarks subsequent to Theorem 1.1 below.
Solutions of (1.1)-(1.2) describe two-dimensional 2π−periodic gravity water waves traveling over the flat bed y = −d, the wave profile being the graph y = h(q, 0) − d. Hereby, d is an arbitrary real constant. The value h(q, p) represents the exact height of the water particle determined by the coordinate (q, p) above the horizontal bed. Because of (1.2), these solutions correspond to waves without stagnation points and critical layers, each streamline being a graph y = h(q, p) − d, for some unique p ∈ [p 0 , 0]. Indeed, following the wave from a frame moving with the wavespeed c, which does not appear in (1.1) as a solution of (1.1) solves the water wave problem for any value of c, cf. [7] , the velocity field (u, v) of the fluid is given by
and it follows readily from (1.2) that the horizontal speed of each individual particle is less than the wave speed c. Moreover, since the streamlines are curves in the fluid which are tangent to the velocity field, it is easy to see that these are the graphs
, as the tangent to each graph is always parallel to the velocity field and, by letting p vary between p 0 and 0, the graphs foliate the fluid domain.
Assuming only boundedness and a sign condition on the vorticity function γ, the authors establish in [9] the existence of weak solutions of (1.1)-(1.2) which form a C 1 -bifurcation curve. The local branch can be continued if one assumes that the vorticity is Hölder continuous close to the free surface and the bed, a characterization of the global branch being also included. These weak solutions belong to the space C 1+α (Ω) for some α ∈ (0, 1) and are solutions of (1.1)-(1.2) in the sense that they satisfy the last two equations of (1.1) and the condition (1.2) pointwise, while the first equation is satisfied in a weak sense. More precisely, introducing the anti-derivative
the first equation of (1.1) may be written in the weak form
and the weak solutions found in [9] satisfy (1.3) when testing with functions from C 1 (Ω) that have compact support. In fact, having a bounded vorticity function, the authors of [9] prove that their weak solutions belong to W 2 r (Ω), with r := 2/(1 − α). We come now the the main result of the paper.
We enhance that if γ ∈ L r ((p 0 , 0)) for some r > 2 then any solution h ∈ W 2 r (Ω) of (1.1)-(1.2) is a weak solution 2 of the same problem in the sense of (1.3). Particularly, our result applies for all L r -solutions of (1.1)-(1.2) found in [9] and studied also in [13] , improving the previous regularity results [6, 25, 33] . Furthermore, consider the classical water wave problem for a 2π-periodic traveling gravity water wave with profile η, i.e.
where we denote by Ω η := {(x, y) ; x ∈ S and − d < y < η(x)} the (2π-periodic) fluid body beneath the wave η, by P the pressure in Ω η , and by g the gravitational constant. Assume that
If we assume additionally that u < c in Ω η , then it is shown in [13] that the height function h is well-defined, belongs to W 2 r (Ω), satisfies (1.2), and is a L r -solution of (1.1). Besides, the vorticity function γ is also well-defined and belongs to L r ((p 0 , 0)). Thus, Theorem 1.1 is applicable for such solutions of (1.5).
As a direct consequence of Theorem 1.1 we obtain that the streamlines of the wave corresponding to a weak solution h of (1.1)-(1.2) are graphs of real-analytic functions. Indeed, for any fixed p ∈ [p 0 , 0], the function h(·, p) is a smooth function on S. Moreover, in virtue of (1.4), we can use the Lagrange formula for the remainder to obtain that
Thus, the Taylor series of h(·, p) at q 0 converges on a small interval containing q 0 , the length of the interval being independent of q 0 and p. Summarizing, we have:
Under the assumptions of Theorem 1.1, given p ∈ [p 0 , 0], each streamline Ψ p := q, h(q, p) − d ∈ R 2 ; q ∈ S is a real-analytic curve. Particularly, the water wave's free surface Ψ 0 is a real-analytic periodic curve. Remark 1.3. In the proof of Theorem 1.1 we did not make use of the periodicity of h in the variable q. Therefore, the argument preceding Corollary 1.2 yields also the real-analyticity of the streamlines and of the wave profile of gravity solitary waves of finite depth.
2 Recall that Sobolev's embedding theorem ensures that W 2 r (Ω) ⊂ C 1+β (Ω) for any β ∈ (0, (r − 2)/r).
We denote in this paper by C i , i ∈ N, universal constants which are independent of m and h, while K, K i , i ∈ N, denote constants which may depend on ∂ l q h 1+α with 0 ≤ l ≤ 2 but are independent of m.
The proof of the main result
As a first partial result, we prove the following proposition showing that ∂ m q h ∈ C 1+α (Ω) for all m ∈ N with m ≥ 1 and that ∂ m q h is a weak solution (see [9] and Chapter 8 of [15] ) of an elliptic boundary problem. Partially, the statement can be found in [9] , but we are more precise and determine the coefficients, which depend on the lower q−derivatives of h, of the equations solved by ∂ m q h. The exact expressions of these coefficients are very important when proving Theorem 1.1.
Proposition 2.1. Given m ∈ N with m ≥ 1, the function ∂ m q h belongs to C 1+α (Ω) and it is a weak solution of the elliptic boundary value problem
whereby f m , g m , ϕ m ∈ C α (Ω) are given by
and
Proof. For every ε ∈ (0, 1), let τ ε f denote the translation in the q-direction of a given function f : Ω → R, i.e. τ ε f (q, p) := f (q + ε, p) for (q, p) ∈ Ω. Further we define the difference quotient u ε := (τ ε h − h)/ε ∈ C 1+α (Ω) and, because τ ε h is also a weak solution of (1.1), we obtain that u ε solves the following generalized elliptic problem
If ε ∈ (0, ε 0 ) and ε 0 is sufficiently small, then the matrix (a ε ij ) has positive eigenvalues bounded away from zero uniformly in Ω and ε ∈ (0, ε 0 ), while the boundary condition of (2.2) on p = 0 is uniformly oblique as
Moreover, all the coefficients appearing in (2.2), as well the right-hand side of the second equation of (2.2), are uniformly bounded, with respect to ε ∈ (0, ε 0 ), in C α (Ω). Schauder estimates for elliptic problems, cf. [9, Theorem 3], guarantee now the existence of a constant
for all ε ∈ (0, ε 0 ). Consequently, (u ε ) ε is bounded in C 1+α (Ω) and a subsequence of it converges in C 1 (Ω) towards h q . In view of the estimate (2.4), it follows that h q ∈ C 1+α (Ω). Letting ε → 0 in (2.2), we find due to the convergence in C 1 (Ω) that ∂ q h solves (2.1) when m = 1.
For the general case, let us assume that ∂ n q h ∈ C 1+α (Ω) for all 1 ≤ n ≤ m − 1. We are left to prove that ∂ m q h ∈ C 1+α (Ω) is the solution of (2.1). Similarly as before, we define the quotient
(Ω), and we observe that it solves the following problem
We note that the induction assumption ensures that all coefficients and the terms on the righthand side of the equations of (2.5) are bounded in C α (Ω), uniformly in ε ∈ (0, 1). In virtue of (2.3) and noticing that the matrix (a 0 ij ) has positive eigenvalues bounded away from zero uniformly in Ω, we may apply the Schauder estimate [9, Theorem 3] to problem (2.5) to find a positive constant M such that w ε C 1+α (Ω) ≤ M for all ε ∈ (0, 1). Consequently, a subsequence of of (w ε ) ε converges in C 1 (Ω) towards ∂ m q h. The same arguments as above yield that ∂ m q h ∈ C 1+α (Ω) and, letting ε → 0 in the equations of (2.5), we find that ∂ m q h is the weak solution of (2.1). Before proving the main theorem, we need the following auxiliary results.
The constants C 0 , C 1 , and C 2 do not depend on L.
Proof. We prove only (i), the proof of (ii) and (iii) being similar. Given 2 ≤ n ≤ N, we have 9) and, since u 1 u 2 α ≤ u 1 α u 2 α , we find
On the other hand, if n ≥ 4 the middle sum in (2.9) does not vanish, and we use the convergence of the series n n −2 to find that
Summarizing, we have shown that there exists a constant C > 1 with
Applying the estimate (2.10) to the functions
Finally, we use the estimate (2.10) for the functions u 5 and
and obtain the desired estimate (2.6).
We use now Lemma 2.2 to prove the following estimate.
Lemma 2.3. Assume that ∂ n q u ∈ C α (Ω) for all 0 ≤ n ≤ N , with N ≥ 3, and let C 1 be the constant determined in Lemma 2.2 (ii). If there exists a constant
Proof. The proof follows by induction. By the choice of L, it is clear that the relation (2.12) is satisfied when n = 2. So, let us assume that (2.12) is satisfied for all 2 ≤ n ≤ m − 1, with 3 ≤ m ≤ N. In order to prove the assertion for n = m, we write
whereby u 1 := −∂ q u and u 2 = u 3 := 1/u. Our hypothesis and the induction assumption ensure that for all 2 ≤ n ≤ m − 1 we have
the last inequality being a consequence of the fact that L > 1. Whence, Lemma 2.2 (ii) and the relation (2.11) combine to
which completes the proof.
We come now to the proof of our main result.
Proof of Theorem 1.1. Let h be a weak solution of (1.1)-(1.2) and let L be a positive constant such that
Then, it is clear that L ≥ 1. Moreover, the inequality (2.13) guarantees that (1.4) is satisfied for m = 3 and m = 4. So, let us presuppose that (1.4) is true for all 3 ≤ n ≤ m − 1, whereby m ≥ 5. We need to show only that (1.4) is satisfied for m. To this end, let us observe that
This estimate together with the Lemma 2.3, which we may apply to the function u = h p , cf.
(1.2) and (2.13), yield
With our choice of L and in view of the induction assumption, we also have that
Recall that ∂ m q h is the solution of the elliptic problem (2.1). The arguments used in the proof of Proposition 2.1 and the Schauder estimate derived in [9, Theorem 3] ensure the existence of a positive constant C 3 such that
meaning that we are left to prove that the right-hand side of relation (2.17) may be estimated
The supremum norm ∂ m q h 0 can be bounded by using the induction assumption only
The terms appearing in the definition of f m and g m can be estimated by using the same scheme. Indeed, let us notice that the estimate (2.6) of Lemma 2.2 together with the estimates (2.15) and (2.16) ensure the existence of a constant K 0 > 1 with the property that
for all 2 ≤ n ≤ m − 1. With this preparation, we write the first sum appearing in the definition of f m as follows
and observe that the convergence of the series n n −2 implies
On the other hand, it follows readily from (2.15) and the induction assumption that
Since the remaining sums that appear in the definition of f m and g m can be estimated in a similar way, we conclude that
It remains to estimate the norm ϕ m α . Because C α (Ω) is an algebra, we need to estimate only the terms In order to deal with T 1 , we write and we conclude that
Finally, in order to estimate T 2 , we write and infer from the relation (2.14) and Lemma 2.2 (iii) that there exists a constant K 5 > 1 such that ∂ n q h 2 p α ≤ K 5 L n−2 (n − 3)! for all 3 ≤ n ≤ m − 1. This estimate combined with the induction assumption guarantee the existence of a constant K 6 > 1 with the property that Thus, we have found a constant K 7 > 1 such that 
